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A one-d imens iona l  model  is proposed for  the es t imat ion  of t e m p e r a t u r e  s t ra t i f ica t ion  in 
c losed l iquid-fi l led volumes .  The r e su l t s  obtained a r e  compared  with exper imenta l  data 
and the resu l t s  of numer ica l  solution. 

When low-boil ing (in pa r t i cu la r ,  cryogenic)  liquids a r e  s to red  in closed volumes,  t e m p e r a t u r e  s t r a t i f i c a -  
tion is observed ,  in that  the liquid t e m p e r a t u r e  T s c lose  to i ts  boundary with the gas is cons iderably  higher 
than the m e a n - m a s s  t e m p e r a t u r e  T. The t e m p e r a t u r e  s t ra t i f i ca t ion  is accompanied  by a significant p r e s s u r e  
i nc rea se  in the volume - much  l a r g e r  than in uni form liquid heating. Both these  effects  (intense inc rease  in 
the su r face  t e m p e r a t u r e  of the liquid and the p r e s s u r e  with t ime)  a r e  ex t r eme ly  undesi rable ,  s ince they l imi t  
the s to rage  t ime  and c rea t e  cons iderable  diff icul t ies  for  the use  of liquids [1-3]. 

The p r o c e s s  occur r ing  in a heat - insula ted  volume containing liquid at a t e m p e r a t u r e  below the t e m p e r -  
a tu re  of the surrounding medium may  be r ega rded  as in ternal  convect ion with boundary conditions of thesecond  
kind (a given constant  heat-f low density a t  the shell) .  Analytic solution of such p r o b l e m s  is assoc ia ted  with 
cons iderab le  and often insurmountable  diff icult ies [4]. Numer ica l  solutions may only be found for  c e r t a in she l l  
configurat ion in a l imi ted range of Rayleigh and Four i e r  numbers  [5]. Essent ia l ly ,  the var ious  empi r i ca l  gen-  
e ra l iza t ions  of the exper imenta l  data (for example ,  [2, 6, 7]) a r e  only t rue  for  the m a t e r i a l s  and exper imenta l  
conditions for  which they a r e  obtained. Thus,  the re  is at p r e sen t  no re l iable  method (not only of calculat ion 
but of es t imat ing  the t e m p e r a t u r e  s t ra t i f ica t ion) .  

Below a s imple  method is p roposed  for  the es t imat ion  of the t e m p e r a t u r e  s t ra t i f ica t ion .  

Cons ider  the heating of a liquid par t i a l ly  filling a volume of a r b i t r a r y  shape (for example ,  spher ica l ;  
see Fig. 1). Suppose that a t  t ime  T = 0 the shell  containing the liquid at t e m p e r a t u r e  T O begins to be heated 
by a heat flux of constant  density q. To de t e rmine  the t e m p e r a t u r e  field in the liquid at subsequent  t imes  the 
following assumpt ions  a r e  made:  

1) that the t e m p e r a t u r e  field in the liquid is one-dimensional ;  

2) that the heat flux Ql =qFl  incident on the pa r t  of the shell  bounding the liquid is consumed in uniform 
heating of the liquid, i .e. ,  in increas ing  its m e a n - m a s s  t empe ra tu r e ;  

3) that the heat flux Qg =gFg incident on the pa r t  of the shell  bounding the gas (vapor) is consumed in 
heating the l i q u i d - g a s  boundary.  The heat in the liquid p ropaga tes  as in a semibounded body but with effect ive 
t he rma l  conductivity he f f=ah  , where  s  

4) that  the effects  of the t e m p e r a t u r e  f ields due to the heat fluxes Q and Qg a r e  addit ive (it has been  ex-  
pe r imen ta l ly  conf i rmed that the t e m p e r a t u r e  field in the heating of the shell  su r faces  F l and Fg is p rac t i ca l ly  
addit ive [3, 7]); 

5) that the heat flux consumed in vaporiz ing the liquid and heating the shell  and the gas (vapor) is neg-  
l igible.  

Under these  assumpt ions ,  the t e m p e r a t u r e  field in the liquid may  be wr i t ten  as  

0 , Fo = O + O z  --~ , Fo . (1) 
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Fig. 1. Part ial ly filled shell .  

The dimensionless mean-mass  temperature  is easily found from the heat balance: 

qF/ T = V/ 9c (T --  To). (2) 

Rearranging Eq. (2), the following result  is obtained: 

~) = (7"-- 7"0) ~ Fz ~ (3) 
q~ = v--if-- Fo. 

For example, in the case of a spherical  shell 

F,____RR = 3H (4) 
V t 2mR 

where 
H Z (  H )  V l 

m-- 4R---- T 3 2R V 

is a coefficient character iz ing the filling of the volume by the liquid. 

The expression for the tempera ture  due to heat flux Qg may be found (under the given assumptions) f rom 
the solution for a semibounded body [8] in the form 

( R  ) 2Fg V-ffff ierfc x 1 (5) 
0~, , F o ,  = F . V ' ~ -  R 2 V U I / F 0  - 

In  the case of a spherical  shell F g / F  s =2R/H. 

In the f i rs t  approximation, the dependence of e = ;keff/X on the Rayleigh number may be taken to be the 
same as in the calculation of the effective thermal  conductivity in layers  [9] 

e = A Ral/6. (6) 

In the present  case  the coefficient A, which in the calculation of the heat t r ans fe r  is constant, may depend on 
the shell configuration, the filling coefficient m, the fraction of heat consumed in liquid vaporization, and sev- 
eral  other factors .  

Finally, substituting Eq. (6) into Eq. (5) and Eqs. (3) and (5)into Eq. (1) gives 

O ( R '  F ~  F ' R F ~  V'A--F, Ral /122Fg vrFo 2V 'AFoRR a ~ / ' 2 x  = V. ierfc �9 (7) 

Noting that ierfe  0 = 0'564 [81, the l iquid-surface temperature  | =| Fo) may be writ ten in the form 

e. F Z R V o +  1.13~V~ff- 
= Vt V'A'F~ R a1/12 (8) 

It is of in teres t  to compare the resul ts  obtained using Eq. (8) with those obtained experimentally and in 
numerical  calculations.  The l iquid-surface temperature  | is determined using the approximate values | = 
3Fo, Fg ~ F s, and the experimental value [2] ~ f ~ 0 . 2 .  Then Eq. (8) may be replaced by the simplified ex- 
press ion  



VFo (9) 
@~ ~_. 3Fo § 5.64 Ral/,, -. 

Curves  of | = |176 calculated f r o m  Eq. (9) for  R a = 1 0  l~ 10 li, and 1012 a r e  shown in Fig. 2, toge ther  
with exper imenta l  data for  spher ica l  shel ls  par t i a l ly  filled with ni t rogen [2] and wa te r  [7] and ave raged  data 
for  wa te r  and alcohols  at  comple te  filling of the volume [6]. As is evident f r o m  Fig. 2, the d i sc repancy  be -  
tween the exper imenta l  and calcula ted resu l t s  is no m o r e  than • 15% for  F o = 4 "  10-3-0.2, despi te  the subs tan-  
t ial  s impl i f ica t ion  of the original  model .  

For  uniform th ree -d imens iona l  heating of a liquid enclosed in a cyl indrical  shell  of height H = 2R, the 
l iqu id-sur face  t e m p e r a t u r e  may  be descr ibed  by the "accu ra t e"  (within the f r a m e w o r k  of the given model) 
exp re s s ion  

1,13 ] F ~ -  
@~ = 2.08Fo -}- V_.XRal/I 2 (10) 

The resu l t s  obtained f rom Eq. (10) for  the s a m e  value of A as for  a sphere  (A = 0.04) a r e  25% higher,  on a v e r -  
age,  then the cor responding  numer ica l  solution [10]. If A =0.08 for  a ver t ica l  cyl inder ,  the resu l t s  g iven by 
Eq~ (10) ag ree  with the numer ica l  solution (see Fig. 3) for  a Fou r i e r  number  of 0.01-0.1 differing by �9 15% 
f rom the boundar ies  of the F o u r i e r - n u m b e r  range  (Fo=2 .5 -  10 -3, 0.3) in which the numer ica l  solution was 
c a r r i e d  out. 

Using the proposed  model ,  the t e m p e r a t u r e  prof i le  of the s t ra t i f ica t ion  region [see Eq. (5)] can be ca l -  
culated,  as well  as the depth of the s t ra t i f i ca t ion  region,  the t ime  at  which quas is teady conditions begin, and 
the m a x i m u m  poss ib le  (for the given value of Ra) t e m p e r a t u r e  drop in the liquid. 

Thus,  the depth of the s t ra t i f ica t ion  region for  the given e r r o r  of the s t ra t i f ica t ion  de te rmina t ion  may  
be calcula ted f r o m  Eq. (5). Taking this e r r o r  to be 3% of the m a x i m u m  s t ra t i f i ca t ion- reg ion  t e m p e r a t u r e  
| Fo) gives 

@ ~ ( R '  F o )  ierfc x 
2 V-A--F~Ra 1/12R 

= - = 0,03 @~ (0, Fo) 0,564 

o r  

X 
ierfc = 0,0166. (11) 

2 V X P ; -  Ra~/12R 

If the function i e r fe  has the value given in Eq. (11) the a rgument  mus t  be equal to 1.33~ the re fo re  

x/R ~ 2,66 Ra 1/12 V A Fo.  (12) 

It is of in te res t  to note that the depth of the s t ra t i f ica t ion  region de te rmined  exper imenta l ly  in [2] va r i e s  ana l -  
ogously with t ime  (x/R ~Fo~ 

What a r e  the l imi t s  of appl icat ion of the proposed  mode l?  It may  be a s sumed  that the model  is at l eas t  
valid in the range Ra=10G-1012. The lower  value of the Fou r i e r  number  is de te rmined  by the t ime  to es tabl i sh  
c i r cu l a to ry  motion in the liquid Fo/, a f t e r  which liquid heating f r o m  above predominant ly  by heat conduction 
begins [10, 11]. This  t ime may be es t imated  using the fo rmula  proposed  in [11]: 

Fo/ = 0,32 Ra -~  (13) 

F o r R a  ml0G-1012 the approx imate  range  of the lower  l imi t  on the t ime  is FOl ~-10-2-10- 3. 

The upper  l imi t  of the use of the model  ove r  t ime Fo w is de te rmined  by the s i tuat ion when the s t r a t i f i ca -  
tion descends  to the "bot tom" of the volume.  For  Fo->Fo w quas is teady conditions may  be expected to begin, 
i .e. ,  the invar iabi l i ty  ove r  t ime  of the t e m p e r a t u r e  d i f ference  between any two points in the liquid. The heat-  
ing of the whole liquid m a s s  will be the s a m e  as fo r  a plate  with a given t e m p e r a t u r e  prof i le  for  a constant  
heat - f lux density at its su r face  [8]. Finally,  this scheme  is very  conventional:  The s t ra t i f ica t ion  cannot de-  
scend to the "bot tom" since its lower  p a r t  is washed away by hot liquid jets  issuing f r o m  the bot tom of the 
volume.  In addition, when quas is teady conditions begin the heat fluxes at the f r ee  su r face  of the liquid and 
at the lower  region of s t ra t i f ica t ion  should be the s ame .  However,  this scheme allows the o rde r  of magnitude 
of Fow to be calcula ted.  In fact ,  Fo w can be de te rmined  f rom Eq. (12), set t ing x = 2R (which is t rue  for  both a 
spher ica l  volume and a cyl indr ical  volume with H=2R).  ThenEq.(12)  gives  the resu l t  

0 ,56  
F~ ARa I16 "" ( 1 4 )  
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" Fig. 2. C o m p a r i s o n  of calculated and exper imenta l  data (spherical  
volume).  Calculated data:  a) Ra=  101~ b) 1011; c) 1012; d) | = 3Fo. 
Exper imenta l  data:  1) Ra=2 .1"  1011; 2) 4.2" 1011; 3) 2.1- 1012, n i t ro -  
gen, m = 0 . 9 5  [3]; 4) Ra=10  l~ 10 ll, wa te r  and alcohols,  m = l  [6]; 5) 
Ra = 10 ll, w a t e r  m =  0.85 [7]. 

Fig. 3. Compar i son  of r e su l t s  obtained f r o m  Eq. (10) and by n u m e r -  
ical  solution [10] (cylindrical  volume,  H = 2R, Ra = 10 ~, m = 1). The 
points a r e  for  A =0.04; cu rve  1 is for  A =0.08; curve  2 i s t h e n u m e r -  
ical  solution in [10]; cu rve  3 is for  @ = 2.08 Fo, f r o m  Eq. (10). 

For  a cy l inder  containing liquid when Ra = 106, H = 2R, and .~ = 0.08, the resu l t  is Fo w = 0.7; this ag rees  with 
the data of [10], where  even for  Fo~0 .5  no quas is teady conditions were  observed .  

In the ca se  of a liquid in a spher ica l  shell  (A =0.04) the range  of the upper  l imit  on the Four i e r  numbers  
fo r  which the model  may  be used is FOw~l .4-0 .14 ,  for  Rayleigh numbers  in the range 106-1012. 

Finally,  substi tut ing Eq. (14) into Eq. (8), the m a x i m u m  value of the t e m p e r a t u r e  s t ra t i f ica t ion  c o r r e -  
sponding to quas is teady conditions is obtained; for  l a rge  filling (Fg ~-F s) 

o,85 (~5) 
O~x---- ARa x/6 

In the ca se  of a spher ica l  shell  with Ra = 10t-1012 the m a x i m u m  t e m p e r a t u r e  drop inside the liquid is 
found to be @Xmax ~2-0 .2 .  Fo r  a cy l indr ica l  volume with H/R = 2 and Ra = 106, Eq. (15) gives | = 1.06; 
this is in sa t i s fac to ry  a g r e e m e n t  with [10], where  for  nea r -quas i s t eady  conditions (Fo =0.3) the max imu m 
ver t i ca l  t e m p e r a t u r e  drop in the volume is | ~0.9.  The su r face  t e m p e r a t u r e  | for  Fo ~> Fo w may  ev i -  
dently be de te rmined  f r o m  Eq. (15). 

This  model  of s t ra t i f ica t ion  not only gives a sa t i s f ac to ry  quanti tat ive de sc r ip t i on  of the exper imenta l  
r e su l t s  but a lso  p e r m i t s  a s imple  explanation of s eve ra l  quali tat ive fea tu res  of heat  t r a n s f e r  in closed volumes 
for  boundary conditions of the second kind. Fo r  example ,  the model gives a c l e a r  in te rpre ta t ion  of the wel l -  
known inc rease  in su r face  t e m p e r a t u r e  and in t e m p e r a t u r e  s t ra t i f ica t ion  with dec r ea se  in Ra (or dec rea se  in 
the acce l e r a t i on  due to gravi ty)  [5]. Admit tedly,  the model  does not p e r m i t  a t r ans i t ion  in the l imi t  to weight-  
l e s s n e s s  and is t rue  only in the range of sufficiently Rayleigh numbers  {for example  for  Ra > l0 s is F o ~ F o  w 
[5]). Another  example  is the explanation of the different  t e m p e r a t u r e  var ia t ion  with t ime  at  different  points 
in the liquid (along the ver t i ca l  axis) .  Thus in a ce r t a in  range  of Four ie r  numbers  the model  gives an approx-  
imate  dependence | (x/R) ~Fo n, where  for  the unstra t i f ied liquid co re  (x ~H) n= 1 and for  the sur face  (x = 0) 
0.5 < n< 1; for  Fo= 0.01-0.1, n~0 .6 -0 .8 ,  which is obse rved  in exper iments  [3] and in the numer ica l  solution 
[10] (see Figs.  2 and 3). 

All the examples  i l lus t ra t ing the use  of this model  r e f e r  to the case  of l a rge  filling (In-~0.85). Fo r  
significantly s m a l l e r  values of m,  the expres s ion  fo r  the effect ive t he rma l  conductivity h e f  t will evidently be 
m o r e  complex.  In th is  ca se  the specif ic  fo rm of the express ion  for  kef f may  be de te rmined  on the bas i s  of an 
ana lys i s  of the cor responding  exper imenta l  data and is an independent p rob l em.  

In conclusion, note that  the model  of t e m p e r a t u r e  s t ra t i f ica t ion  outlined e a r l i e r  [12], taking into account 
the shell  configurat ion and the i nc rea se  in m e a n - m a s s  liquid t e m p e r a t u r e  reduces  to a one--dimensional d i f -  
fe rent ia l  heat -conduct ion equation with a convect ive t e rm;  the solution of this equation may  only be obtained 
using numer ica l  methods .  Because  of this ,  and a lso  of the inde terminacy  of the express ion  for  the velocity 
appear ing  in the convect ive  t e rm ,  it is imposs ib le  to obtain re l iable  and to any degree  general  r e su l t s .  In the 



model which is considered in the p resen t  work, the effect of liquid motion and the shell  shape on the heat p rop-  
agation may be taken into account by an appropr ia te  choice of the effective thermal  conductivity.  

NOTA TION 

A, coefficient  in Eq. (6); a, the rmal  diffusivity; c, specific heat at constant p r e s su re ;  F, surface  area;  
g, acce le ra t ion  due to gravity;  H, height of liquid in volume; m =V l /V,  filling coefficient;  Q, heat flux, q, heat-  
flux density; R; cha rac te r i s t i c  d imens ion  (radius) of volume; T, t empera ture ;  T, m ean -m ass  tempera ture ;  
AT = T  - -  To; To, initial t empera tu re ;  V, vclume; x, distance along volume axis,  downward f rom liquid surface;  
fl, volume-expansion coefficient;  e =~eff/~.; ~, )teff, thermal  conductivi ty and effective thermal  conductivity; v, 
kinematic viscosity;  p, density; ~-, t ime; | =AT~/qR, dimensionless  tempera ture ;  Fo =a'r/R 2, Four ie r  number; 
Ra=gR4flq/va~, Rayleigh number.  Indices: g, gas; l, liquid; s, g a s - l i q u id  interface.  
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